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Abstract 

This paper provides a study of algebraic Ricci solitons in the pseudo- 
Riemannian case. In the Riemannian case, all nontrivial homogeneous 
algebraic Ricci solitons are expanding algebraic Ricci solitons. In this 
paper, we obtain a steady algebraic Ricci soliton and a shrinking algebraic 
Ricci soliton in the Lorentzian setting. 

1 Introduction 

The problem to construct a distinguished metric on a manifold is important in 
differential geometry. The Einstein structure and the Ricci soliton structure are 
candidates. For answering this question, the Ricci flow introduced by Hamilton 
in [TT] is an important tool. Let g{t) be a 1-parameter family of Riemannian 
metrics on a differentiable manifold M". If the Riemannian metric g{t) satisfies 
the equation 

d 

then g{t) is called a solution to the Ricci flow. 

Hamilton proved that the Ricci flow on a closed manifold has a solution for a 
short time. It is the most basic result on the existence of the Ricci flow solution. 
Hamilton 11 proved that a closed 3-manifold with positive Ricci curvature is 
diffeomorphic to S'^. Hamilton's idea in [TT] was to use the normalized Ricci 
flow 

d , . 2 / Rdv\ 

starting with the given Ricci positively curved metric on the given 3-manifold. 
He proved that the solution converges to a constant curvature metric exponen- 
tially fast. After Hamilton's work [TT], the study of the Ricci flow has been one 
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of the central problems in differential geometry. For instance, Perelman [T3] was 
able to prove Thurston's geometrization conjecture. 

From the definition of the Ricci flow, a fixed point of the Ricci flow is a 
Ricci-flat metric, and a fixed point of the normalized Ricci flow is an Einstein 
metric. From Proposition 12. 3[ Ricci solitons change only by diffeomorphism 
and rescaling, and are regarded as generalized fixed points. In other words, let 
9Jl(M") be the space of Riemannian metrics on M", and J)(M") the diffeomor- 
phism group of M". Considering the dynamical system of the Ricci flow on the 
moduli space 9Jt(M")/£l(M") x R+, we regard Ricci solitons as fixed points. 

In this paper, we study left-invariant pseudo-Riemannian metrics and alge- 
braic Ricci solitons on Loretzian Lie groups. The concept of an algebraic Ricci 
soliton was first introduced by Lauret in the Riemannian case (see [13]). Lauret 
proved that algebraic Ricci solitons on homogeneous Riemannian manifolds are 
Ricci solitons. In general, problems for Ricci solitons are second-order differ- 
ential equations. However, problems for algebraic Ricci solitons are algebraic 
equations. Therefore, algebraic Ricci solitons allow us to construct Ricci soli- 
tons in an algebraic way, i.e., using algebraic Ricci soliton theory, the study of 
Ricci solitons on homogeneous manifolds becomes algebraic. 

So far, Ricci solitons have been studied in the Riemannian case. Recently, the 
study of Ricci solitons in the pseudo-Riemannian setting has started with special 
attention to the Lorentzian case. In the Riemannian case, all homogeneous non- 
trivial Ricci solitons are expanding Ricci solitons. In the pseudo-Riemannian 
case, there are shrinking homogeneous non-trivial Ricci solitons discovered in 
[18], while all vector fields of these Ricci solitons are not left-invariant. And 
3-dimensional homogeneous Lorentzian Ricci solitons with left-invariant vector 
fields are classified in [3]. Other results about Lorentzian Ricci solitons are 
found in [a, [1], [g, [7]. 

In this paper, we study algebraic Ricci solitons on Lorentzian Lie groups in 
the Lorentzian case. By using algebraic Ricci soliton theory, we can construct 
homogeneous Lorentzian Ricci solitons in an algebraic way. For example, we 
can construct the Ricci soliton in [IB] by using algebraic Ricci solitons and 
Theorem l2.5l Recall that all homogeneous non-trivial solvsolitons are expanding 
in the Riemannian setting. In this paper, we construct Lorentzian algebraic 
Ricci solitons on the Heisenberg group and the oscillator groups Gm(A) 
and on three-dimensional Lorentzian Lie groups. In particular, we obtain new 
Lorentzian Ricci solitons on Hn and G'm(A). 

This paper is organized as follows. In Section 2, we introduce algebraic 
Ricci solitons in the pseudo-Riemannian case, and prove Theorem 2.5 which 
claims that algebraic Ricci solitons give rise to Ricci solitons. Sections 3, 4, and 
5 contain Examples of solvsolitons on Lorentzian Lie groups. Particularly, in 
Section 3 and 4, we obtain the new Ricci solitons. 
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2 Algebraic Ricci solitons and Ricci solitons 



The concept of an algebraic Ricci soliton was first introduced by Lauret in the 
Riemannian case (see |13j). The definition extends to the pseudo-Riemannian 
case: 

Definition 2.1. Let {G,g) be a simply connected Lie group equipped with the 
left-invariant pseudo-Riemannian metric g, and let q denote the Lie algebra of 
G. Then g is called an algebraic Ricci soliton if it satisfies 

Rc = cld + i:> (2.1) 

where Rc denotes the Ricci operator, c is a real number, and D £ Der(g). In 
particular, an algebraic Ricci soliton on a solvable Lie group, (a nilpotent Lie 
group) is called a solvsoliton (a nilsoliton). 

RecaU that Der(g) denotes the Lie algebra of derivations of g, 

Der(fl) := {D e gl{g)\D[X, Y] = [DX, Y] + [X, DY] for anyX, Y e g}. 

Obviously, Einstein metrics are algebraic Ricci solitons. In this paper, we con- 
sider solvsolitons on a solvable Lie group. 

Remark 2.2. Let G be a semisimple Lie group, g a Left-invariant Riemannian 
metric. If 5 is a solvsoliton, then g is Einstein (see |13j). 

Next wc introduce Ricci solitons. Let go be a pseudo-Riemannian metric on 
a manifold Af". If go satisfies 

0[9a] = ego -\- Lxgo , 

where g is the Ricci tensor of go, X is a vector field and c is a constant, then 
(M^-jgojXjc) is called a Ricci soliton structure and go the Ricci soliton. More- 
over, we say that the Ricci soliton go is a gradient Ricci soliton if the vector 
field X satisfies X = V/ where / is a function, and the Ricci soliton go is a 
non-gradient Ricci soliton if the vector field X satisfies X ^ V/ for any function 
/. If c is positive, zero, or negative, then go is called a shrinking, steady, or 
expanding Ricci soliton, respectively. According to [9], we check that a Ricci 
soliton is a Ricci flow solution. 

Proposition 2.3 (see [9]). A pseudo-Riemannian metric go is a Ricci soliton 
if and only if go is the initial metric of the Ricci flow equation, 

d 

-gl9{t)tj = -2g[g{t)]^.j , 

and the solution is expressed as g{t) — c{t){ipt)* go, where c{t) is a scaling pa- 
rameter, and ift is a diffeomorphism. 

In the closed Riemannian case, Perelman jlQ proved that any Ricci soliton is 
a gradient Ricci soliton, and any steady or expanding Ricci soliton is an Einstein 
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metric with the Einstein constant zero or negative, respectively. However in the 
non-compact Riemannian Ricci sohton is not necessarily gradient and 

a steady or expanding Ricci soliton is not necessarily Einstein. In fact, any 
left-invariant Riemannian metric on the three-dimensional Heisenberg group 
is an expanding non-gradient Ricci soliton which is not an Einstein metric. 
(See [T], [5], [2].) In the Riemannian case, all homogeneous non-trivial Ricci 
solitons are expanding Ricci solitons. In the pseudo-Riemannian case, there 
are shrinking homogeneous Ricci solitons discovered in while all three- 
dimensional homogeneous Lorentzian Ricci solitons are classified in [3]. Other 
results about Lorentzian Ricci solitons are found in [5], [J], [5]. 

Lauret proved the relation of solvsolitons and Ricci solitons on Riemannian 
manifolds. 

Theorem 2.4 f [13j). Let g be a left-invariant Riemannian metric. If g is an 
algebraic Ricci soliton, then g is a Ricci soliton. 

We extend the above proposition to the pseudo-Riemannian case. We obtain 
the following 

Theorem 2.5. Let g be a left-invariant pseudo-Riemannian metric. If g is an 
algebraic Ricci soliton, then g is a Ricci soliton. 

Proof. Let g be an algebraic Ricci soliton with Rc = cl + D. Let {e^}"^]^ be a 
pseudo-orthonormal basis. We define 1^94 satisfying dipt\^ — ea-^, and we define 
the vector field Xjj, given by Xjj — ^Ip'yJtCp)- Then the Lie derivative of X]j 
is given by 



{Lxn9){ei,ej) = 




g{Dei,ej) +g{e^,Dej) 



for any i,j. Therefore we obtain 

Q{(ir,e.j) = ^(5(R-c(e»),ej) + .g(e„ Rc(ej))) 

= \[g{{cl ^ D)e,,ej) ^ g{e,,{cl + D)ej)) 

□ 

It is natural to consider the opposite of Theorem l2.5l A Riemannian manifold 
(M, g) is called a solvmanifold if there exists a transitive solvable group of 
isometries. Jablonski proved 

Theorem 2.6 (jl2)). Consider a solvmanifold {M,g) which is a Ricci soliton. 
Then (M, g) is isometric to a solvsoliton and the transitive solvable group may 
be chosen to be completely solvable. 
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In the Lorentzian case, there exists a Ricci sohton which is not an algebraic 
Ricci soliton. Indeed, SL{2,M.) has left- invariant Lorentzian Ricci solitons (see 
[3]). But, SL{2, R) does not have an algebraic Ricci soliton which is not Einstein 



Lauret characterized an algebraic Ricci soliton by some properties in the 
Riemannian setting. The following was proved by Lauret. 

Theorem 2.7 (|13j). Let N be a nilpotent Lie group with Lie algebra n. If g 
and g' are two Ricci nilsoliton metrics on N, then {N,g) is isometric to {N',g) 
up to scaling. In particular, g' = bip.g for some b > and some ip £ Aut{n). 

However, the above theorem in the Lorentzian case does not hold. Indeed, we 
prove that the metrics gi and g2 are nilsolitons on H^. They are non-isometric 



Lauret gave a characterization of Riemannian Ricci nilsolitons on homoge- 
neous nilmanifolds via solvable extensions. 

Definition 2.8. A metric solvable extension of {n,g) is a metric solvable Lie 
algebra of the form {s — a(Bn,g) such that 



[s,s]' = n = a^, [X,Y]' = [X,Y], ~g{X,Y) = g{X,Y), foranyX,yen 



where [•, •]' and [•, •] denotes the Lie brackets of s and n respectively. 

Tlieorem 2.9 (}13|). A homogeneous nilmanifold is a Riemannian nilsoliton 
if and only if n admits a metric solvable extension with a Abelian whose corre- 
sponding solvmanifold is Einstein. 

It is not clear to the author whether the above result holds in the Lorentzian 
case. In the Riemannian case, if (n, 5) satisfies Rc(.g) — cig + Dg, then Lauret 
constructed a metric solvable extension (s, g) of (n, g) that is Einstein g{g) = Cgl. 
In this case, the constant Cg satisfies Cg = —trDg/tiDg, and trDg > 0. However, 
in the Lorentzian case there exists a solvsoliton that satisfies Cg = 0, ti'Dg = 
(see Section 4). 

3 The classical Heisenberg groups 

Let n be a positive integer, and set N = 2n + l. The higher-dimensional classical 
Heisenberg group Hn is defined as the group of (n-f 2) x (n-f 2) upper triangular 
matrices 



(see 0). 



by [2D]. 
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where a, b £ , c £ M.. Topologically, Hn is diffeomorphic to under the 
map 



H3 9 



/ 1 Xi 

1 



V 



Xn Xn \ 

Xi+n 



1 -^n+n 

1 



Under this identification, left multiplication by (a, h, c) corresponds to the map 

^{s,b,c) y,z) = {a + x,h + y,c + z+^ ay) . 
Then the Lie algebra of iJjv has a basis consisting of 

d ^ d 



OXi OX'i-^-'fi 



OXn OXn 

for which 

[Fi^Fj] = [FiiFn] = [Fi+„,Fj+„] = [Fj+„,i^jv] = 0, [Fi,Fj+n] = SijF^- 
We consider the left-invariant Lorentzian metric 32 given by 

92{FuFi) = ---=g2{F2n,F2n) = - <?2 (i^iV , i^iv) = 1- 

We remark that the above metric generaUzes g2 on H3 in Section 5. In this 
section, we prove the following theorem. 

Theorem 3.1. The above metric 32 is a nilsoliton. There exists a metric 
solvable extension which is an Einstein metric. 

Proof. The Levi-Civita connection of the metric 52 is given by 



O (,\5ijFM) {\Fi^n) 



and the non-zero components of the Ricci tensor are 



(3.1) 



O 



3 1 n 
e{Fi,Fi) = Q{Fi+n,Fi+n) =4^-4' q{Fn,Fn) = 2> 

where i = 1, • • • , n. Its Ricci operator Rc is given by 



Rc = 




(3.2) 
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Next we compute the Lie algebra of derivations of q. By definition, we get 



Dl 



D 



D^ D', 



Dl" 
D^ 



DL 
DL 



r)2n 

TjN 



Dj, \ 
Dl 



D 



N 



r)2n 



(3.3) 



with 



z+n 
i+n 1 



'N 



D] + D] 



4 j ' 



j+n 



0, 



— 



D 



N 



D 



N 



0. 



(3.4a) 
(3.4b) 
(3.4c) 
(3.4d) 
(3.4e) 
(3.4f) 



If g satisfies the nilsoliton equation (|2.ip . then it satisfies 

= 2n-- 
5 

^-r+4 
otherwise. 



(3.5) 



Therefore g2 is a nilsoliton. 

Next we consider a solvable extension of H^. Its algebra has generators H, 
Fi, F2, F3 and Lie brackets 

[H, Fi]' = DFi, [Fi,Fj]' — [Fi,Fpj]' ~ [F^+n, = [Fi+„, F/v]' ~ 0, 

Fn, 

where D satisfies the nilsoliton equation (|2.ip . We consider the left- invariant 
pseudo-Riemannian metric g given by 

~g{H, H) = a, 32(^^1, i^i) = • ■ • = g2(i^2n, i^2«) - -UFn. F^) = 1. 
Then the Levi-Civita connection of the metric g is given by 



O 



O 



SijFN 



( o 

{-bF+n) ( - ^S.jFn) [-5,jH 

(-25F.) (iF.,„) (-If,) 



o 



^Fj+n 

-¥ 

a 



\ 



(3.7) 
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5 1 

where b = — n -\ — . And the non-zero components of the Ricci tensor are 
4 4 

q{H,H) = {-2n - 4)62, Q{F„Fi) - e(^^,+„, F,+„) = (-2n - 2)- + - , 

a I 

giFN,FN) = (-2n-2)- + i 
a 2 

Therefore it is Einstein if and only if a = —46^ and its Einstein constant is 



Remark 3.2. According to Theorem 12.51 the left- invariant Lorentzian metric 
g2 is a Ricci soliton. We will exhibited the Ricci soliton equation by derivation 
D. According to the proof of Theorem 12.51 we define ipt by 



Then we get 



D /e(-i"+4)*/2„ O 



dXi ' dXi+n ' dxN 



where i = 1, ■ • • ,n. We can solve above differential equation, and we obtain 
So the Ricci soliton vector field is exhibited as 



Xr 



d 

di 



t=Q 

5 



1 



n- + I 1 {xiF^ + X^+nFi+n) + ( + ^ 



XN 



"[•^i-\-n 



F, 



TV- 



It is easy check that ViXj — VjXi ^ 0, therefore the left- invariant Lorentzian 
metric gi is a non-gradient Ricci soliton. 



4 The Oscillator groups 

In this section, we will see an example of a steady solvsoliton. The oscillator 
algebra 0m(A) =g(Ai,--- ,Am) has (2m -I- 2)-generator P,Xi, Xm, Yi, 
Ym, Q, and Lie brackets 

[Ari,y,] — 5ijP, [Q,Xj\ = \jYj, [Q.,Yj] ~ —XjXj. 

That is, 0m (A) is the semidirect product of the Heisenberg algebra (),„ generated 
by (P, ATi, • • • , X„i, Yi, • • • , Ym), and the line generated by Q, under the homo- 
morphism ad|f)m : (Q) Der(()„j). It is a solvable non-nilpotent Lie algebra 
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and the connected simply connected Lie group whose Lie algebra is Qmi^) is the 
oscillator group C?m(A) = C?(Ai, • • • , Am)- 

We consider the left-invariant metric defined by g^{P,P) = ge{Q,Q) = e, 



and other components are zero. If e = and 



Xi = 1 for each i = 1, • • • , m, the corresponding Lorentzian metric is also right- 
invariant. In other cases, is not bi-invariant (see [in])- The Levi-Civita 
connection of the metric g^ is given by 



VpXj 



A, 



A 



e 

2 ^ 
1 

^ " 2 



(4.1) 



and other components are zero. Its Ricci tensor is expressed by 



em 



e 

'2' 



2' 



giQ.Q) 



m 
2"' 



and other components are 0. Its Ricci operator Rc is given by 



Rc 





em 


O 

--I 
2 " 





m 


\ 




O 





o 






O 





_£/ 

2 " 







V 


O 





o 


o 


) 



(4.2) 



Next we compute the Lie algebra of derivations of q. We get D e Der(gm(A)) 
given by 

DP ^ aP, DXj = OjP + b]Xi + ^ c^-F/, 

DYj = hjP + J2B'jXi + J2clYi, DQ = ^iP -Y,>^iaiXi-Y,^i~aiYh 



with 



J 

AoC 



-Aic}, 
—XiBj, 



(4.3) 
(4.4) 



for any i,j ^ k. We prove 
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Theorem 4.1. If satisfies the solvsoliton equation then it satisfies 

e = c = 0, 
m 

M = y, (4.5) 

a = Qj = cij = 6* = = 0, 

for any i,j. Therefore the left-invariant Lorentzian metric go is a steady solv- 
soliton. 

The solvable extension of the oscillator algebra g„i(A) = fl(Ai, • • • , A,„) has 
(2m + 3)-generator H, P, Xi, • • • , Xm, Yi, ■ ■ ■ , Y„i, Q, and Lie brackets 

rn 

[H,Q]=DQ = -P, [X,,Y,]^d,jP, [Q,Xj] = XjY,, [Q,Y,] = -X.X^, 

where D satisfies the solvsoliton equation (|2.ip . We consider the metric g, given 
by g{H,H) — a and g{Fi,Fj) = 5ij. Then the Levi-Civita connection of g is 
given by 

Tn S 1 

^qH = --P, Vx.Y, = ^P = -Vy,X,, Vx.Q---y., 

VqX, = (Aj - i)yj, Vy.Q = (4.6) 

/ 1 \ 771 

Vq5- =-(a,--)x„ VqQ = -H, 
and other components are zero. The curvature tensor is given by 

R{Q,X,)X, - ^P, i?(Q,y^)r^. ^^p, (4.7) 
RiX,,Q)Q = ix,, P(y„Q)Q=iy,. (4.8) 

7rL 

Its Ricci tensor vanishes except g{Q,Q) ~ —■ Hence this is not Einstein. 

Remark 4.2. Next, we consider solvable extensions of Gm(A). However, there 
are derivations of the Lie algebra such that the solvable extension of Gm(A) is 
Einstein. Actually, when m = 1, we consider the derivation of the Lie algebra 
given by 

[if, P]=DP = 2bP, [H, X] = aP + hX + cY, [H, Y] = hP - cX + hY, 
[H, Q] = kP- XaX - XdY, [X, Y] = P, [Q, X] = XY, [Q, Y] = -XX. 
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Then the Levi-Civita connection of the metric gi is given by 

\7hP = -VpH = bP, \7hX = ^^^aP + cY, (4.9) 

A- 1 A+1 , , 

VxH^^^aP-bX, VhY = ^^aP ~cY, (4.10) 

S/xH=^aP-bX, VHQ = -^^aX-^~aY-bQ, (4.11) 

VgH^-kP+^^aX + ^^aY-bQ, VpQ^VqP ^^H, (4.12) 

VxX = S/yY - ^H, VxY = -VyX = ip, (4.13) 

^xQ^'-jf^aH-'-Y, Wc,X = l^aH+{x-\)Y, (4.14) 

VrQ='-^aH+'-X, V,Y = l^,H - {x - l)x, (4.15) 

VqQ = '^H. (4.16) 

The non-zero components of the Ricci tensor are 

4&2 

^^(Q,g) = ^(a^+5^)-^ + ^, (4.18) 

e(^,Q)-^^(3afe + 5c), g{Y,Q)^^^{-i~ab-ac). (4.19) 

When A = 1, the metric g is Einstein if and only if ft, = Akb and kb ^ 0. When 
A 7^ 1, the metric g is Einstein if and only \i h = Akb, a ~ a — and kb ^ 0, or 
6 = c = 0, /i = -(A^ - l)(a2 + ^2), aa 7^ 0. 



5 Three-dimensional left-invariant Lorentzian Ricci 
solitons 

In this section, we consider left-invariant Lorentzian metrics on 3-dimensional 
Lie groups. The Ricci solitons that we consider in this section were constructed 
in [IH]. 



5.1 Nilsolitons on H3 

Let H3 be the 3-dimensional Heisenberg group. N. Rahmani and S. Rahmani 
|21| proved that any left-invariant Lorentzian metric on H3 is classified into 
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three types gi, g2 and 173, up to isometry and scaling, given by 

gi — —dx^ + dy^ + [x dy + dz^ , 

52 = dx^ + dy^ — (x dy + dz)'^ , 

gs — dx^ + {x dy -\- dz)"^ — ((1 — x)dy — dz)'^ . 

Nomizu [12] proved that gs is flat. N. Rahmani and S. Rahmani ,21^ showed that 
gi and 52 are not Einstein. In |18| , we proved that the left- invariant Lorentzian 
metric gi is a Lorentzian Ricci soliton. My previous paper |18) contains a 
mistake that g2 is Einstein. I correct it and introduce the following theorem. 

Theorem 5.1 ( |161 118p . On the i- dimensional Heisenberg group, the metrics 
gi and g2 are shrinking non-gradient Ricci solitons, and 53 is flat. 

In this section, we prove the following theorem. 

Theorem 5.2. The above metrics gi and 52 o-fe nilsolitons. There exist metric 
solvable extensions that are Einstein metrics. 

Proof. The metric 52 was done in Section 3. We consider the metric gi. Let 
our frame be defined by 

M=A F2 = --x- F, = — 
oz oy oz OX 

and coframe 

= X dy + dz ,0"^ = dy , 0^ = dx . 
It is easy to check that the metric gi is represented as 

and all brackets [Fi,Fj] vanish except [F2,i^3] = Fi . 

Then the Levi-Civita connection of the metric gi is given by 

i^F.F,) = l\ F3 Fi I , (5.1) 

and its Ricci tensor is expressed as 

g(Fi,Fi) = -i, g{F2,F2) = ^, giF3,F3) = -^, 

and other components are 0. Obviously the Lorentzian metric gi is not Einstein. 
Its Ricci operator Rc is given by 



(5.2) 






F3 


F2 


F3 





Fi 


F2 


-Fi 
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Next we compute the Lie algebra of derivations of g. Then we get 



Der(0) 



a\ 

2 




If g satisfies the nilsohton equation (|2.ip . then it satisfies 



' =2 



-I 



— otherwise. 



(5.3) 



Therefore g-^ is a nilsohton. 

Next we consider a solvable extension of {H3,gi). Its algebra has generators 
H, Fi, F2, -Fa and Lie brackets 



\H,F3]' 



DFi 
DF3 



-2Fi, [H,F2]'^DF2 
[-F2, F3]' = Fi, 



-Fo 



where D satisfies the solvsoliton equation ()2.1|) . We consider the left-invariant 
pseudo-Riemannian metric g given by 5 = h{6'^)'^ + {0^)'^ + (f?^)^ - (0^)'^. Then 
the Levi-Civita connection of the metric g is given by 



( 

2F^ 

F2 





-F3 H 

K t 

2 2 



\ 



-F2 



-V 



and the non-zero components of the Ricci tensor are 



g{H,H)^~6, g{F,,F,) 



'QiF3,F3)^—- 
n 



(5.4) 



Therefore it is Einstein if and only if h = —4 and its Einstein constant is -. □ 

, , . . . . . 2 . . 

According to Theorem l2.51 the left-invariant Lorentzian metric gi is a Ricci 

soliton (see also [l8]). 



5.2 A solvsoliton on E{2) 

Let E{2) be the group of rigid motions of Euclidean 2-space. We consider the 
left-invariant Lorentzian metric given by 

gi — dx^ + (cosx dy + sinx dz)^ — (— sinx dy + cos a; dz)^. 

In |18| . we proved that this metric gi is a Lorentzian Ricci soliton. In this 
section, we prove the following 
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Theorem 5.3. The metric gi is a solvsoliton. There exists a metric solvable 
extension which is an Einstein metric. 

Proof. Let our frame be defined as 

^ d ^ d . d ^ . d d 

ri = T t'2 — cosx- — h smx— , i'3 = - sma;— + cos a;— , 
ox ay oz ay az 

and coframe 

6^ = dx , 9^ = cosx dy + sinx dz , 9^ = — sinx dy + cosx dz . 
It is easy to check that the metric gi is represented as 

with 

[FuF2] = F3 , [F2, F3] = , [F3, Fi] = F2. 
Tlien the Levi-Civita connection of the metric gi is given by 

(Vf.Fj) = I -i^3 -Fi I , (5.5) 

and its Ricci tensor vanishes except g{Fi,Fi) = 2 . Its Ricci operator Rc is 
given by 

/ 2 \ 

Rc = . (5.6) 
\ / 

Next we compute the Lie algebra of derivations of g. We get 

if ' ° 

Der(0) = S a? 

[ \ al -aj al 
If g satisfies the solvsohton equation (|2.ip . tlicn it satisfies 

= 2 

= al = -2 (5.7) 
^aj =0 otherwise. 

Therefore gi is a solvsoliton. 

Next we consider a solvable extension of E{2). Its algebra has generators H, 
Fi, F2, F3 and Lie brackets 

[H,F,]' = DF,, [Fi,F2]' = F3, [F2,F3]' = 0, [F3,Fi]' = F2, 
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where D satisfies the solvsohton equation (|2.ip . We consider the left- invariant 
pseudo-Riemannian metric g given hy g — h{9°Y ~ i^^)^ + {9'^)'^ + {O^Y- Then 
the Levi-Civita connection of the metric g is given by 



/ 

























2 









2F2 










V 


2F3 


F2 




1" 


J 



{"^F.F, 



and the non-zero components of the Ricci tensor are 
q{H, H) = -8, q{F^,F^) = 2, q{F2,F2) = - 



(5.8) 



^, Q{F:i.F:,)^-. 



Therefore it is Einstein if and only if ft, = —4 and its Einstein constant is 2. □ 
According to Theorem l2.51 the left-invariant Lorentzian metric gi is a Ricci 
soliton (see also [T5]). 

5.3 A solvsoliton on £'(1, 1) 

Let E{1, 1) be the group of rigid motions of Minkowski 2-space. We consider 
the left-invariant Lorentzian metric given by 

g^ = -dx^ + [e^'^dy -t- e'^dzf + [e^'^dy - e'dzf. 

In |18j we proved that the above metric gi is a Lorentzian Ricci soliton. In this 
section, we prove the following 

Theorem 5.4. This metric gi is a solvsoliton. There exists a metric solvable 
extension which is an Einstein metric. 



Proof. Let our frame be defined as 

^ dx ' ^ 2\ dy dz 
and coframe 

= dx 



F ^— - — 

^ 2\ dy dz 



e dy - e"" dz. 



f- =e ^ dy + e'' dz, I 
It is easy to check that the metric gi is represented as 

g,^-{9'r+{e'r+{e'r , 

with 

Then the Levi-Civita connection of the metric gi is given by 



i^F,F,) = 



















F2 


-Fi 






(5.9) 



15 



and its Ricci tensor vanishes except g{Fi,Fi) — —2. Obviously the Lorentzian 
metric gi is not Einstein. Its Ricci operator Rc is given by 




Rc 



Next we compute the Lie algebra of derivations of g. We get 







Der(0) 



(5.10) 



If g satisfies the solvsoliton equation (|2.ip . then it satisfies 

= 2 

J — "3 — ^ 

; = otherwise. 



(5.11) 



Therefore gi is a solvsoliton. 

Next we consider a solvable extension of E{1, 1). Its algebra has generators 
H, Fi, F2, F3 and Lie brackets 

[H,F,y = DF,, [F,,F2]'^F3, [F2,^^3]' = 0, [F3, F,]' ^ ^F2, 

where D satisfies the solvsoliton equation (12. ip . We consider the left- invariant 
pseudo-Riemannian metric g given by ^ = h{O^Y — (0^)^ + (Q 
the Levi-Civita connection of the metric g is given by 



2\2 



q3\2 



y. Then 




















2 





2F2 




-/^^ 




V 2F3 


F2 







(5.12) 



and the non-zero components of the Ricci tensor are 
e(H,H)^-%, g{Fi,Fi) = -2, g{F2,F2) 



g{F3,F3) 



h h 

Therefore it is Einstein if and only if ft, = —4 and its Einstein constant is 2. □ 
According to Theorem l2.5l the left-invariant Lorentzian metric gi is a Ricci 
soliton (see also [l8]). 
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